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Exercise 20

Use Exercise 19 to find the Green’s function for the half-hyperspace {(z,y,z,w) : w > 0}.

Solution

Here the Poisson equation will be solved in the upper half-hyperspace D with a prescribed
boundary condition on the xyz-hyperplane.

Au = f(z,y,z,w), —0o < Y,z < oo, w>0
u(z,y,2,0) = F(z,y,2)

A Green’s function representation for the solution can be obtained from Green’s second identity,

////uAvau Jdv = /// (uavv@u> s

Let v = G = G(x,y, z, w; xg, Yo, 20, Wo) be the Green’s function.

////UAG GAu)dV = ///( o - gz>ds

If we require it to satisfy

AG = 6(x — 20)0(y — y0)d(z — 2z0)d(w — wy), —o0 < ,y,2 < 00, w>0
G =0 onbdy D

where (x0, Yo, 20, wo) is a point in D, then the identity becomes

/ // (g, 2 w)3 (e — 20)3(y — 0)5(= — 20)8(w —wo) — Gz, g, 2, w: 20, Yo, 20, wo) f (@, g 2, w)] dV

- (v - 05) s

The normal derivative of G' can be written as 0G/dn = VG - i1, where 11 is the outward unit
vector normal to the boundary.

] 92018 20)65-90)3( 2015w -w0) v~ [ G205 0,0, 20, w0) 20 0
D D

= /// uVG-ndS

bdy D

Since the point (zg, Yo, 20, wo) is in D, the integral involving the delta functions is u(xg, Yo, 20, wo)-

u(xo, Yo, 20, wo) — /// G(z,y, z,w; xo, Yo, 20, wo) f(x,y, z,w) dV = /// uVG-ndS

bdy D
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w

— 1
n=-w

Simplify the right side.

u(xo, Yo, 20, Wo) — /// G(z,y, z,w; o, Yo, 20, wo) f(x,y, z,w) dV = /// uVG - (—W)dS

bdy D

< ] e (50,

bdy D

- ] Fewarg

bdy D

as
=0

ds
w=0

Solve for u.

0o 00 [eS) 9
u(x07y07207w0) = / / / / G(J:?y?'zaw;$07y07207w0)f(x7y727w) dx dy dz dw
0 —o0 J —oo J —00

L e

Switch the roles of x, y, z, and w with those of xg, 4o, 20, and wy, respectively.

dxdydz

w=0

o0 oo [eS) [
u(xay7z7w) = / / / / G(x()?y07Z07wo;xay7z7w)f($07y07207w0) d$0 dyO dZO d'U}[)
0 —o0 J —00 J —00

_/ / / $07y0720)a wo

Therefore, using the fact that the Green’s function is symmetric,

d:L’o dyo dZO

wo=0

0o oo oS )
U(l‘,y,Z7U)) = / / / / G(ﬂf,y,Z,’LU;CL‘O,yo,ZO,U)O)f(SUQ,yO,ZO,U]O) d$0 d?/o dZO dwO
0 00 oo J —oo

- J"07y0720)8 0

The solution for Poisson’s equation is known, then, if the Green’s function in the upper
half-hyperspace can be determined.

dx 0 dy() dZO .

wo=0
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Begin by finding the Green’s function in infinite space (no boundaries).
Ag =(x —20)d(y — yo0)d(z — 20)d(w — wo), —00 < T, Y, 2, w < 00

g can be interpreted as the electrostatic potential, and §(x — 20)d(y — y0)d(z — 2z0)d(w — wp) can
be interpreted as the charge density for a unit charge located at (zg, yo, 20, wo). Since there are no
boundaries, g is expected to vary solely as a function of the radial distance from (g, yo, 20, wo):

g =g(2), where 2 = \/(x — x0)2 + (y — y0)2 + (2 — 20)2 + (w — wp)?. In Exercise 19 it was found
that the potential due to a unit charge at the origin in four-dimensional space is

1
$2+y2+22+w2'

9(z,y,2,1w;0,0,0,0) =

If this unit charge is at (zg, yo, 20, wo) instead, then

1
x —x0)? + (Y —v0)? + (2 — 20)? + (w — wp)?

g(x7yvzaw;$07y07207w0) = (

because of the translational invariance of the Laplacian. The method of images can now be
applied to determine G, the Green’s function in the upper half-hyperspace. A convocation of point
charges in space will be arranged so that the boundary condition, G = 0 on bdy D, is satisfied.

w

A
G)(X(), Y0- 20, Wo)

z
%}:
> X

@ (x0, Y0 20, —Wg)

/

If there’s a positive unit charge at (z¢, yo, 20, wo), place a negative unit charge at (xo, yo, 20, —wo)
so that every point on the xyz-hyperplane is equally spaced from them. The upper
half-hyperspace Green’s function can now be written.

G('rvyvz?w;manO?ZO?wU) = +g(x,y,z,w;x0,yo,zo,wo) - g(xayvzaw;x07y07207 _’UJO), w >0

Because g is defined over infinite four-dimensional space, it’s important to note the restriction to
w > 0 for G.

1
(= 20)% + (y — y0)? + (2 — 20) + (w — wp)?
1
(. —20)% + (y — y0)? + (2 — 20)? + (w + wp)?

G(.’L‘, Y,z,W;T0, Y0, 20, wO) =

Calculate 0G /0wy

oG _ —2(w — wyp) n 2(w + wop)
dwy [(z —20)2 + (¥ —v0)? + (2 — 20)? + (w —wo)?]*  [(x —20)® + (y — ¥0)? + (2 — 20)® + (w + wp)?]?
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and evaluate it at wg = 0.

E B 2w n 2w
Owo [ yog  [(@—20)* + (¥ —w0)* + (2 — 20)* + W [(x —0)* + (¥ — ¥0)* + (2 — 20)* + w?]?
_ 4w
T w0 (w0 (=)t P
Therefore,

R o o B A E—

f(xoay()vz()va)
a dzo dyo dzo d
(x —20)? 4+ (y — y0)? + (2 — 20)® + (w + wp)? o dyo dzo dwo

F(x0,y0, 20)
-4 dzo dyo dzo.
w/ / / [(z —20)? + (y — y0)* + (2 — 20)* + w?]? 0 &0 Az
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